Three-wave interactions in plasmas are described, in the framework of kinetic theory, by the quadratic response tensor (QRT). The cold-plasma QRT is a common approximation for interactions between three fast waves. Here, the first-order thermal correction (FOTC) to the cold-plasma QRT is derived for interactions between three fast waves in a warm unmagnetized collisionless plasma, whose particles have an arbitrary isotropic distribution function. The FOTC to the cold-plasma QRT is shown to depend on the second moment of the distribution function, the phase speeds of the waves, and the interaction geometry. Previous calculations of the rate for second harmonic plasma emission (via Langmuir-wave coalescence) assume the cold-plasma QRT. The FOTC to the cold-plasma QRT is used here to calculate the FOTC to the second harmonic emission rate, and its importance is assessed in various physical situations. The FOTC significantly increases the rate when the ratio of the Langmuir phase speed to the electron thermal speed is less than about 3.
I. INTRODUCTION
Plasma emission, which is the generation of radiation at multiples of the local electron plasma frequency f p , is observed in various locations and phenomena in our solar system; these include type II 1-3 and type III 1,2,4,5 solar radio bursts in the solar corona and interplanetary medium, and terrestrial foreshock emission. 6, 7 Although several mechanisms have been proposed for these emissions, such as linear mode conversion [8] [9] [10] and cyclotron maser emission, 11 they are generally attributed to threewave interactions between Langmuir, transverse, and ion sound waves.
2,12-15 Three-wave interactions include the coalescence of two waves to give a product wave, and the decay of one wave into two product waves. These processes occur due to the nonlinear response of the plasma medium to the wave fields. In kinetic theory, the response of a plasma to an electromagnetic disturbance is described by linear and nonlinear response tensors. [16] [17] [18] [19] Assuming the plasma response to be weakly nonlinear, induced plasma properties, such as the induced charge and current densities, can be expanded in powers of the amplitude of the electromagnetic field: this is termed the "weak-turbulence expansion". 17, 18, 20 The quadratic response tensor (QRT), defined as the coefficient of the second-order term in this expansion, describes the response of the plasma to two fields beating simultaneously to produce a third wave; therefore, the QRT is the relevant response tensor for three-wave interactions.
The general form of the QRT involves integrals over the velocity distribution function of the plasma partia) Electronic mail: b.layden@physics.usyd.edu.au cles. These integrals are difficult to evaluate exactly, and so the integrand is often approximated before performing the integrations, where the approximation that is made depends on the dispersion relations of the three wave modes involved. For interactions between three "fast" waves, that is, waves with a phase speed much greater than the thermal speed, the "cold-plasma approximation" to the QRT is often made, in which thermal effects are neglected in the description of wave coupling.
17,18
This approximation lends itself to a simple derivation of the response tensor, and the resulting expression can be readily used in practical applications. However, the cold-plasma approximation becomes less accurate as the phase speed of one or more of the interacting waves approaches the thermal speed, and its range of validity is poorly defined.
Conversely, the QRT has been evaluated exactly for a thermal plasma by Percival and Robinson 21 , in terms of generalized plasma dispersion functions. 22 The resulting exact QRT accurately describes wave coupling in threewave interactions between any wave modes. Although the use of the exact QRT is desirable, the expression is too cumbersome to apply analytically, and even its numerical evaluation presents difficulties as described in Sec. II.
Due to the inaccuracy of the cold-plasma QRT at low phase speeds and the difficulty of applying the exact QRT, accurate approximations to the QRT are needed for a proper treatment of three-wave interactions. To this end, we derive here the first-order thermal correction (FOTC) to the cold-plasma QRT for a warm collisionless unmagnetized plasma, whose constituent particles have an arbitrary isotropic velocity distribution. The approximate response tensor derived in this paper, which is the sum of the cold-plasma QRT and its FOTC, has the advantages that it is more accurate than the cold-plasma QRT and more tractable than the exact QRT. This approximation is valid for interactions between three fast waves, such as the Langmuir-wave coalescence process that generates second harmonic emission. We find that the FOTC depends on the second moment of the distribution function, the phase speeds of the waves, and the interaction geometry.
First-order thermal corrections to the quadratic response have been derived before in the literature, but the cases treated are not suitable for modeling the Langmuirwave coalescence process in space plasmas. For example, a FOTC to the cold-plasma longitudinal quadratic susceptibility was previously derived by Sitenko 17 ; however, this quantity only describes interactions between three fast electrostatic waves and is thus inadequate for treating second harmonic plasma emission, in which electromagnetic transverse waves are produced. The FOTC to the cold-plasma QRT was derived in Ref. 23 for a Maxwellian velocity distribution of the plasma particles, but space plasmas are commonly observed to have power-law tails which must be modeled by a nonMaxwellian distribution, often the generalized Lorentzian (or "kappa") distribution. 24, 25 The expression that we derive is equivalent to that in Ref. 23 when the velocity distribution is Maxwellian, but allows the treatment of three-wave processes in non-Maxwellian plasmas.
The rate of a three-wave interaction is dependent on the strength of the coupling between the waves, which is described by the QRT. Until now, the rate of second harmonic plasma emission via Langmuir-wave coalescence has been calculated assuming the cold-plasma approximation. [26] [27] [28] We use the FOTC to the coldplasma QRT to calculate the FOTC to the rate of Langmuir-wave coalescence, and assess its contribution to the total interaction rate in various situations. There is a significant increase of the rate when the ratio of the Langmuir phase speed to the electron thermal speed is less than about 3.
The paper is structured as follows. In Sec. II, the theory of response tensors and their derivation is described. In Sec. III, we derive and discuss the FOTC to the coldplasma QRT. The FOTC to the rate of second harmonic emission is derived in Sec. IV, where its importance in various situations is also analyzed.
II. THEORETICAL CONTEXT
Nonlinear plasma response tensors are defined by expanding an induced plasma property, such as the induced current density, in powers of the amplitude of the Fourier transformed electromagnetic field; this is termed the weak-turbulence expansion. The QRT is the coefficient of the second-order term in this expansion. On choosing to describe the electromagnetic field by the vector potential A in the temporal gauge, the induced current density is given in Fourier space by (e.g., Ref. 18)
where
In Eqs. (1) and (2), k m collectively denotes ω m and k m for the mth wave, and dλ (n) is the nth-order convolution integral given by
with
and
The nonlinear response tensors are most commonly calculated via the Vlasov equation, which relates the distribution function to the wave fields for a collisionless plasma. Solving the Vlasov equation by employing a weak-turbulence expansion of the distribution function and expressing the induced current as a moment of the distribution yields the general form of the QRT (e.g.,
where (i, k) ↔ (j, k 1 ) represents the additional terms generated from those written explicitly by interchanging k and k 1 and the associated tensor indices, and the integrals I(k), J i (k 1 , k 2 ), and K ij (k, k 1 , k 2 ) are given by
It was noted in Ref. 21 that the partial derivative ∂K jl /∂k i cannot be taken without ambiguity since one of the wave vectors in the integrand is no longer independent of the other two. The integral
must therefore be evaluated directly. Thermal effects in the wave coupling are often ignored for interactions between three fast waves; neglecting these effects is known as the cold-plasma approximation. The cold-plasma QRT may be calculated by substituting f (v) = nδ 3 (v) into Eqs. (7)- (10) then evaluating the integrals. The integrals J, K, and L vanish, and I(k) is replaced by n/ω. This leads to
The cold-plasma approximation is made in order to simplify the mathematical analysis, but the neglected thermal effects may become significant in some circumstances.
Percival has calculated the integrals in Eqs. (7)-(10) exactly for a plasma in which the particles have a Maxwellian velocity distribution. 21 This analysis yields an expression for the QRT in terms of generalized plasma dispersion functions, 22 but calculating the interaction rate (as described below) is problematic because it involves integrals of the squared modulus of the QRT contracted with the relevant polarization tensors. Due to the large number of terms in the exact QRT and the possible occurrence of catastrophic cancellation it is infeasible to use this response tensor directly in the calculation of rates.
Once the response tensors are known, the emission and absorption of waves can be studied. These processes are often treated semiclassically;
16,18 the waves are interpreted as a collection of wave quanta with momentum k and energy |ω M (k)|. The occupation number N M (k) is introduced, being defined as the number density of wave quanta within the elemental range d 3 k of k. This quantity is related to the energy density per unit volume of
In a coalescence process the current J (2) (k) induced by the simultaneous response of the plasma to two wave fields A P (k 1 ) and A Q (k 2 ), given by Eq. (2), is the source of a third wave field A M (k), where k = k 1 + k 2 as implied by the delta function. Assuming the random phase approximation, the rate equation for the wave mode M in the three-wave interaction
given by (e.g., Refs. 16 and 18)
Alternatively, the rate can be expressed in terms of T M , the effective temperature for the wave mode M , as
where the effective temperature is related to the occupation number by
The equation for the interaction probability u MP Q is (e.g., Refs. 16 and 18)
where R M is the ratio of electric to total energy in the wave mode M , and
with e M (k) the polarization vector for the wave mode M . The quantity k M collectively denotes ω M (k) and k, and similarly for k P 1 and k Q2 . In Eq. (16), the delta function in wave vector is interpreted in the semiclassical description as expressing conservation of momentum,
and the delta function in frequency expresses conservation of energy,
where the common factor of is omitted.
III. FIRST-ORDER THERMAL CORRECTION TO THE COLD-PLASMA QUADRATIC RESPONSE TENSOR
In this section, the general quadratic response tensor (QRT) in Eq. (6) is approximated by deriving the first-order thermal correction (FOTC) to the cold-plasma QRT given by Eq. (11) . We discuss the expression obtained for the FOTC, including its importance and validity, for different interactions.
A. Derivation
First the resonant denominators in Eqs. (7)- (10) are binomially expanded in powers of k m · v/ω m (which may be expressed as v /v φm where is with respect to k m ) using the binomial expansion (1
The v φm in the denominator of the expanded quantity ensures that this expansion of the integrals is convergent, as shown below. We show that this expansion recovers the cold-plasma QRT plus additional terms of order (V /v φ ) 2n relative to the cold-plasma terms, where v φ is the phase speed, V is the thermal speed of the particles, and n is an integer. The n = 1 terms are called the FOTC to the cold-plasma QRT.
Two additional assumptions are made to derive the FOTC: the first is that the distribution function is isotropic, and the second is that the thermal effects for each of the three wave fields can be treated equally, which will be discussed after the derivation.
Firstly, we perform a binomial expansion of the resonant denominators of the integrals given by Eqs. (7)-(10).
This gives
(26)
We let v i = δ iq v q and v i = δ ir v r in the first and second integrals in Eq. (23) respectively. Then substituting the binomially approximated I, J, K, and L given by Eqs. (20)- (28) respectively into the general QRT in Eq. (6) gives
Here we have defined
We now reexpress the integrals over velocity space in terms of moments of the distribution function f (v). The distribution function is defined such that the particle number density n is given by
The moment of a quantity Q(v) is defined by
We make the assumption that the distribution function is isotropic, hence
1/2 and so f is an even function of v x , v y , and v z . In Cartesian coordinates, the tensor indices run over x, y, and z. The integrals A i and C ijl then vanish because every choice of indices gives an integrand that is odd in one or all of the variables v x , v y , and v z , and the integration limits are symmetric about the origin. By symmetry in v x , v y , and v z all the diagonal components of B ij are equal, as are the off-diagonal components. The off-diagonal components of the B ij vanish due to oddness of the integrand, so B ij = Bδ ij where B = B xx = B yy = B zz . To calculate B we note that B = (B xx + B yy + B zz )/3 and so
from Eq. (34). Substituting Eqs. (33) and (36), and A q = C ijl = 0, into Eq. (6) and simplifying gives
where the arguments of the response tensor have been omitted for brevity. On performing the derivative in
Rearrangement and factorization of Eq. (38) yields
The first term inside the braces and its interchanges are identified as the cold-plasma QRT given by Eq. (11); the remaining terms are the FOTC to Eq. (11), denoted by ∆α ijl . That is, α ijl = α (cold) ijl + ∆α ijl . In the nonrelativistic (c → ∞) limit, the FOTC to the cold-plasma QRT, for an isotropic particle velocity distribution, is
The particle temperature T is related to the second moment of the distribution function by the definition
the thermal speed is given by V = k B T /m, whence v 2 /3 is replaced by V 2 in Eq. (40); this reproduces the expression for ∆α ijl in Ref. 23 .
The terms in the cold-plasma QRT and FOTC are of order 1/v φ and V 2 /v (40), where v φ here represents the phase speeds of any of the three interacting waves. The ratio of these orders, V 2 /v 2 φ , therefore determines the significance of the FOTC: if it is much less than unity then the cold plasma approximation will be accurate, but as it approaches unity the cold plasma approximation begins to break down and the FOTC must be included for an accurate description of the plasma response.
From Eqs. (6) and (20)- (28), it follows that higherorder thermal corrections to the cold-plasma QRT involve integrals of the form
where i m are tensor indices running over x, y, and z. For odd n, each choice of indices will give an odd power in at least one of the variables v x , v y , or v z , hence in this case the integral will be zero. Therefore, the nth-order thermal correction will be O (V /v φ ) 2n relative to the cold-plasma terms. For the expansion of the general QRT by a binomial expansion of the resonant denominators to be convergent, one requires v φ > V for each wave mode.
Thermal effects from one or two of the participating waves may be more important than those from the other wave or waves. This is the situation for the Langmuirwave coalescence process: although both Langmuir and transverse waves are fast, the thermal effects from the Langmuir waves will be more important since they have a significantly lower phase speed than the transverse wave, and so the terms involving the transverse wave phase speed may be neglected. Equation (40) may also be applied to the Raman scattering process L + T → T ′ which has been proposed for third and higher harmonic emission. [29] [30] [31] However, the FOTC will not be as important as in Langmuir-wave coalescence since Raman scattering involves two transverse waves and only one Langmuir wave.
IV. FIRST-ORDER THERMAL CORRECTION TO THE SECOND HARMONIC EMISSION RATE
In this section the FOTC to the cold-plasma QRT, given by Eq. (40), is applied to the rate calculation of second harmonic plasma emission via Langmuir-wave coalescence. The ratio of the FOTC rate to the cold-plasma rate is derived, and its range of values is calculated for different physical situations to assess the importance of the FOTC.
A. Derivation
The FOTC to quantities in this section will be denoted by the prefix ∆, such that x ≈ x (cold) + ∆x for some quantity x. We define the electron thermal speed by v e = v 2 /3, where the angle brackets denote the moment of the electron distribution function. Primary Langmuir waves L(k 1 ) are assumed to be generated by an electron beam via a bump-on-tail instability, such that the phase speed of the Langmuir waves is approximately equal to the speed of the electron beam, i.e. v φ1 ≈ v b . Backscattered Langmuir waves L ′ (k 2 ), with which the primary waves coalesce, are assumed to be the product of the decay process L → L ′ +S. 26, 28, [32] [33] [34] [35] Since the mass of the ions is much greater than that of the electrons and the QRT has a m −2 dependence for each particle species, the ionic contribution to the QRT is neglected.
We first outline the derivation of the cold-plasma interaction probability for Langmuir-wave coalescence (see e.g. Ref 18) . Transverse waves have e T · κ T = 0 and hence e * T · κ * T = 0. In the case of no spatial damping, κ T is real and so e * T ·κ T = 0. On contracting the cold-plasma QRT in Eq. (11) with e * T i (k T )e Lj (k 1 )e L ′ l (k 2 ), i.e. with e * T i κ 1j κ 2l , where κ = k/|k|, we have
; (43) hence, using |x + y| 2 = |x| 2 + |y| 2 + 2Re{x * y}, we find
When the polarization of the transverse waves T is of no interest, an average over the two initial states of polarization and a sum over the two final states of polarization is performed. This leads to the replacement
and similarly for |e *
, ω L ≈ ω p , and ω T ≈ 2ω p , and since R T = 1 2 , we have the interaction probability for a cold plasma as
To obtain ∆α T LL ′ , Eq. (40) is contracted with e * T i κ 1j κ 2l . Grouping ∆α T LL ′ by order in v φT gives
From these equations, ∆α T LL ′ +∆α T LL ′ . Hence, to the next order after the cold-plasma term,
So, the second term on the right hand side of Eq. (51) is the first order correction to |α T LL ′ | 2 , which is then
From Eqs. (16), (51), and (52), the FOTC to the interaction probability is
The FOTC to the interaction rate is next calculated in terms of the effective temperature using a modified system of spherical coordinates (as in Ref. 28) , where the Langmuir wave numbers k 1,2 take on positive and negative values, and the polar angle θ ranges from 0 to π/2. The angle between the primary and backscattered Langmuir waves is assumed to be greater than π/2, hence
′ is ignored, the FOTC to the rate of Langmuir-wave coalescence is given approximately by
We assume that ω 1,2 ≈ ω p , whence v φ1,2 = ω p /k 1,2 , to simplify the integrand. The delta function δ
where ψ is the angle between the T and L wave vectors, and
The rate then becomes
Expanding Eq. (60), simplifying, and factorizing leads to
On summing the states of polarization of the T waves in the final state and averaging over the initial states of polarization, |e *
To simplify the delta function, the assumption
is made for both Langmuir waves, which is valid for
The dispersion relation for Langmuir waves in a generalized-Lorentzian plasma (i.e., one in which the electrons have a kappa distribution) is also given by Eq. (63) in the limit
36 So, on substituting Eq. (63) into the delta function in Eq. (59), we find
Evaluating the integrals over cos θ and φ leads to the rate equation
where I 0 is a modified Bessel function, χ is the angle between k T and the k axis, and cos ψ satisfies
Substituting Eq. (67) into Eq. (62) yields
The cold-plasma interaction rate derived by Li et al.
28
is given by Eq. (66) on replacing g(k 1 , k T ) with
The ratio
Since R is not a function of k 1 , Eq. (70) gives the ratio of the FOTC to the cold-plasma interaction rate, independent of the integral over k 1 . On subsituting the minimum transverse wave number k T 0 = ω p √ 3/c into Eq. (71), the ratio can be expressed as
To obtain the emission rate, a particular Langmuir spectrum T L (k) must first be assumed, after which the integral in Eq. (66) can be evaluated. For a Gaussian Langmuir spectrum,
the emission rate peaks at a transverse wave number
waves are produced by the electrostatic decay process 
in Eq. (73).
B. Discussion
The FOTC to the cold-plasma rate of second harmonic emission has been derived by applying the FOTC to the cold-plasma QRT. This derivation is valid for both Maxwellian and generalized Lorentzian distributions of electrons; this is due to the FOTC to the cold-plasma QRT being valid for arbitrary isotropic velocity distributions, and to Langmuir waves having the same dispersion relation for both distributions in the long wavelength (kλ D ≪ 1) limit. The resulting ratio R(k T ) of the FOTC to the cold-plasma emission rate, given by Eq. (71), does not depend on the integration over k 1 , so it is the same for all Langmuir wave spectra.
We define the quantity R max to be the ratio R(k T ) evaluated at k T = k T max in Eq. (71). We choose R max to quantify the importance of the FOTC to the second harmonic emission rate. For most applications v e /c ≪ 1, and so the first term in Eq. (71) is small. Importantly, Eqs. (73) and (74) then imply that R max depends mainly on the ratios v b /v e and v s /v e , not on the individual speeds. As v b /v e decreases, k T max increases, and hence R max increases. Since v s /v e ≪ 1 unless T i ≫ T e , the final term on the right hand side of Eq. (74) can be neglected, so R max decreases with increasing v s /v e . The dependence of R max on v b /v e is stronger than on v s /v e , which can be seen in Fig. 1 .
The significance of the FOTC to the cold-plasma rate of second harmonic emission is now assessed for different applications. In coronal type III solar radio bursts, These values lead to the range k T max /k T 0 = 1.16 − 1.04 and R max = 0.66 − 0.05, with an average of k T max /k T 0 = 1.04 and R max = 0.16. Thus, the second harmonic emission rate may be well approximated by assuming a cold plasma for faster beams, but the FOTC becomes important for the slower electron beams measured by Dulk et al.
The electron beams responsible for significant radio emission are typically much slower in the "foreshock" regions upstream of shocks. Examples are Earth's foreshock radio emissions, produced upstream of Earth's bow shock, and type II solar radio bursts associated with traveling shocks. At Earth's foreshock, v e ≈ 3 × 10 plasma contribution. Figure 2 shows the emission rate versus k T for typical coronal type III burst and Earth's foreshock parameters. Notably, the peak wavenumber k T max stays almost constant when the FOTC is added to the emission rate.
Assuming the first term in R(k T ) in Eq. (71) to be negligible, and also that v s /v e ≪ 1, we obtain R > 1 for v b /v e < 2.9. Thus, for sufficiently slow electron beams, the contribution from the FOTC exceeds the cold-plasma contribution to the emission rate. However, the assumption made in Eq. (63) that k L ≪ λ −1 D , which corresponds approximately to v b /v e ≫ 1, is not satisfied very well for these slow foreshock parameters. Thus for small v b /v e the expression for cos ψ(k 1 , k T ) given in Eq. (67), and hence the rate in Eq. (66), will be less accurate.
V. SUMMARY AND CONCLUSION
Both the cold-plasma and the exact quadratic response tensor (QRT) describe three-wave interactions in which each wave is fast (that is, its phase speed is greater than the thermal speed). However, neither is ideal for the calculation of interaction rates: the cold-plasma QRT is readily calculable, but is only accurate where all phase speeds are much greater than the thermal speed; conversely, the exact QRT provides an accurate description of three-wave interactions between any waves, but its direct application to the calculation of rates is infeasible. The approximate QRT that we have derived here, which is the sum of the cold-plasma QRT and its first-order thermal correction (FOTC), overcomes these disadvantages since it is more accurate than the cold-plasma QRT alone but still permits a calculation of the interaction rate. It is also valid for arbitrary isotropic velocity distributions. This approximate QRT is therefore suitable for modeling three-wave interactions in space plasmas, in which thermal effects are important for the interacting waves, and the velocity distributions are commonly non-Maxwellian. The rate of second harmonic plasma emission via Langmuir-wave coalescence has previously been treated with the cold-plasma QRT. Therefore, the resulting expression is inaccurate where the phase speed of one or more of the waves is similar to the thermal speed. Using our result for the approximate QRT, we have derived the FOTC to the rate of second harmonic plasma emission. The ratio of the FOTC rate to the cold-plasma rate is easily calculated using Eq. (71); it is only a function of the transverse wave number k T , and does not require an integral over the Langmuir wave number. The importance of the FOTC to the emission rate is determined by the ratios v b /v e and v s /v e : the FOTC to the emission rate becomes larger compared to the cold-plasma emission rate as both v b /v e and v s /v e decrease. The FOTC to the cold-plasma emission rate is therefore important in foreshock emission, where the electron beam speed is not much larger than the electron thermal speed (within a factor of ∼ 2 − 10). In the case where v s /v e ≪ 1, the FOTC to the cold-plasma emission rate is greater than the cold-plasma emission rate for v b /v e 3.
Future work will involve deriving more accurate expressions for the rates of the processes L → L ′ + S and L + S → T involved in plasma emission.
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